
 

 

 

Workshop on current 

progress in fractional-order 

systems and their utilization 
annual workshop of the COST Action CA15225 

Fractional-order systems - analysis, synthesis and their importance for future 

design 

 

Book of abstracts 

 

October 5-6, 2017 

San Sebastian, Spain 

 

  

 

Funded by the Horizon 2020 Framework 

Programme of the European Union 



Content 

Capacitorless fractional-order circuits 
Panagiotis Bertsias and Costas Psychalinos ............................................................................. 1 

Fractional-order frequency filters with electronically controllable parameters 
Jan Dvorak, Jan Jerabek, and Jaroslav Koton ........................................................................... 2 

Time dependent viscoelastic materials and fractional derivatives 
Harry Esmonde ......................................................................................................................... 3 

High order numerical schemes for solving fractional order problems 
Neville J. Ford and Yubin Yan .................................................................................................... 4 

A fractional-order operator for dielectric models 
Roberto Garrappa..................................................................................................................... 5 

A fractional-order diffusion model to predict transgenic pollen dispersal 
Emmanuel Hanert, Valentin Vallaeys, Rebecca Tyson, David Lane, and Eric Deleersnijder .... 6 

Loopshaping toolbox for fractional order controller design 
Niranjan Saikumar and S. Hassan HosseinNia ......................................................................... 7 

The use of fractional order impedance model to characterize pain 
Jasper Juchem, Dana Copot, and Clara Ionescu ....................................................................... 8 

Fractional-order modelling of distributed parameter systems: An application and 
developed GUI 
Aslihan Kartci ............................................................................................................................ 9 

Stability of two-component incommensurate fractional-order systems and 
the investigation of a conductance-based neuronal model 
Eva Kaslik ................................................................................................................................ 10 

RC-EDP approach in designing fractional-order elements 
Jaroslav Koton, David Kubanek, Peter A. Ushakov, and Kirill Maksimov ............................... 11 

On the numerical solution of time distributed-order diffusion equations 
Luısa Morgado and Magda Rebelo ........................................................................................ 12 

Fractional consensus dynamics 
Dorota Mozyrska, Ewa Girejko, and Małgorzata Wyrwas ..................................................... 13 

Realization of CMOS controllers using fractional-order integrators & differentiators 
Costas Psychalinos, Ivo Petras, and Aleksei Tepljakov ........................................................... 14 

Digital fractional order differentiator and integrator 
Mehmed Rustemović .............................................................................................................. 15 

Fractional-order modeling of fuel propagation in electro-injectors pipes 
Fabrizio Saponaro, Guido Maione, Paolo Lino, and Roberto Garrappa ................................. 16 

A fractional derivative model resulting from non-Newtonian time-varying viscosity 
Sverre Holm ............................................................................................................................ 17 

Fractional-Order Integrated Circuit Designs in Biomedicine and Biology 
Costas Vastarouchas and Costas Psychalinos ........................................................................ 18 



Capacitorless Fractional-Order Circuits

Panagiotis Bertsias†, and Costas Psychalinos†
† University of Patras, Dept. of Physics, Rio Patras, Greece, e-mail: {panosber;cpsychal}@upatras.gr

Fractional-order filters as well as fractional-order integrators/differentiators can be approximated by the
2nd-order form of the Continued Fraction Expansion. The resulted integer-order transfer functions are
realized by Follow-the-Leader (FLF) multi-feedback topologies, where the main building block is the
lossless integrator. The type, order, and the frequency characteristics of the approximated fractional-
order transfer function are controlled through an appropriate selection of the time-constants and gain
factors. This is very important from the design flexibility point of view, because the same core could
be used for implementing various types of filters or integration/differentiation stages. Having available
electronic tuning capability of the implemented FLF structure, then the characteristics of the fractional-
order topologies will be also electronically tunable. An attractive building block towards this goal is the
current-mirror due to the small-signal transconductance parameter (gm) of the diode-connected transistor
at its input, which is electronically controlled through an appropriate dc voltage/current.
Novel topologies of fractional-order filters and fractional-order integrators/differentiators, constructed
from current-mirrors, are presented in this work. In addition to the electronic tunability, the proposed
structures offer the attractive benefit of the reduced silicon area. This is originated form the fact that,
instead of passive capacitors, the internal gate-source capacitances of MOS transistor (Cgs) have been
utilized for realizing the required time-constants. The resulted expression has the general form: τ =

(Cgs1+Cgs2+ ...+Cgsn)/gm, where Cgsi (i = 1, ..., n) are the gate-source capacitances of the transis-
tors of the integrator and gm is the transconductance of the diode-connected transistor. For demonstration
purposes, a generalized fractional-order filter topology is presented, where the following standard filter
functions are realized: low-pass (LP), high-pass (HP), band-pass (BP), and band-stop (BS). The structure
has also the attractive characteristics of the digital programming.
In addition, novel topologies of fractional-order capacitor (CPE) and inductor (FI) emulators, around
a center frequency ωo, are introduced. They are constructed from a voltage-to-current (V/I) converter
stage which is used for feeding the current-mode fractional-order differentiator/integrator stage. The im-
plementation of the V/I converter is performed using an appropriately configured Operational Transcon-
ductance Amplifier (OTA), with transconductance gm,V I which determines the equivalent impedance
at ωo. The implementation of the fractional-order differentiator/integrator has been performed using
current-mirrors as active elements. The derived circuits are also capacitorless and in this case the re-
quired passive capacitors have been implemented by appropriately configured MOS transistors where
drain, source and bulk are shorted together. This results into silicon area approximately 5 times smaller
than that required through the utilization of typical double-poly capacitors. The realized time-constants
have the form: τ = (Cp)/gm , where Cp is the equivalent capacitance realized by the corresponding
MOS transistor. The emulator is fully electronically adjustable in terms of impedance level and order of
the element, as well as of the center frequency around the approximation that is performed.
The performance of the presented circuits has been evaluated, at post-layout simulation level, using the
Analog Design Environment of the Cadence software and the Design Kit provided by the AMS 0.35 µm
CMOS process.

Acknowledgment–This article is based upon work from COST Action CA15225, a network supported
by COST (European Cooperation in Science and Technology).



Fractional-Order Frequency Filters with
Electronically Controllable Parameters

Jan Dvorak†, Jan Jerabek†, and Jaroslav Koton†

† Brno University of Technology, Dept. of Telecommunications, Technicka 3082/12, Brno,
Czech Republic, dvorakjan@phd.feec.vutbr.cz; jerabekj@feec.vutbr.cz; koton@feec.vutbr.cz

This research deals with synthesis and analysis of the low-pass and high-pass filtering struc-
tures with electronically controllable non-integer-order, frequency, pass-gain or quality factor.
For design of fractional-order filters, a method of approximation of the fractional-order transfer
function by transfer function of higher integer order is used. In this research, the implemen-
tation of fractional-order filters is mainly performed using active elements with electronically
adjustable parameters. It can be Operational Transconductance Amplifiers (OTAs), Adjustable
Current Followers (ACAs) and other types of active elements. Note that Current Follower (CF)
can be also used for implementation of this filters but the electronic controllability of this ac-
tive element is not possible. Using the controllable parameters of active elements, the values
of non-integer order, frequency, quality factor or pass-gain of these filters can be controlled.
Fig. 1 illustrates the possibility to control the order of the fractional-order high-pass filter. Prop-
erties of the whole proposed circuits were verified by PSpice simulations using behavioral and
also CMOS simulation models of the active elements. Selected filtering structures were practi-
cally realized and verified by experimental laboratory measurement. Future research will deal
with synthesis and analysis of the filter circuits containing fractional-order passive elements,
which will be proposed using approximation by passive RC ladder networks. This research was
started during Short Term Scientific Mission (STSM) and will be continued in cooperation with
colleagues from University of Patras in Greece.
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Figure 1: Magnitude responses in case of control of the order of the fractional-order high-pass
filter for three values of the orders when f0 = 100 kHz and Q = 0.707.

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology). This research is sup-
ported by Czech Science Foundation under grant no. 16-06175S.



Time Dependent Viscoelastic  
Materials and Fractional Derivatives  

Harry Esmonde† 
†Dublin City University, School of Mechanical Engineering, Glasnevin, Dublin 9 Ireland, harry.esmonde@dcu.ie 

 
Defining the properties of time dependent viscoelastic materials is difficult due to the structural complexity 
of the material and the fact that it is changing as time progresses. Viscoelastic materials have been described 
using classical elementary models such as the Maxwell, Kelvin Voigt or standard linear solid realisations to 
account for the complex nature of some polymers but these consist of multiple elements and require many 
parameters. Add to this the temporal variation evident in materials such as adhesives and polymers and the 
models become even more complicated. By contrast fractional derivative models can accurately represent 
the mechanical behaviour for these materials using relatively few terms. Typically a fractional model is 
chosen and the parameters are then found from experimental data.  In this analysis a model is established for 
curing adhesive from first principles using a variable spring and variable damper in a Maxwell 
configuration, see Figure 1.  

 

 

  

 

Figure. 1: Variable spring/damper Maxwell model 

Both the stiffness and the damping vary linearly with time governed by the coefficients  (-ve) and  (+ve) 
respectively. The stress in the damper is identical to that in the spring and may be expressed as 

(𝜂0 + 𝜃𝑡)𝜖�̇� =  𝐸0𝜖𝑠 + ∫ 𝛾𝑡𝜖�̇�𝑑𝑡
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0
         (1) 

where E0 is the initial elastic stiffness and 0 is the initial viscosity at the point when the adhesive begins to 
cure, 𝜖𝑠 and 𝜖𝑑 are the strain in the spring and damper respectively . Taking into account that the curing process 
is analysed at a later time t1 when the stiffness has changed to E1 and the viscosity to 𝜂1, the complex 
relaxation modulus G(s) is calculated as 
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The index  𝜃𝐸0−𝛾𝜂1

𝜃2
  in Equation 2 is a fraction indicating the fractional differential behavior of the system.  It 

can be shown that if the phase of the system is +90 initially, indicating viscous behavior, then it will tend to 
0 as time increases exhibiting increasing elastic behaviour.  At interim time periods the phase will be 
between these values across a broad frequency range as has been noted in experimental tests, see Figure 2. 
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Figure 2 Relaxation modulus phase after 5 minutes cure for epoxy adhesive 

Acknowledgement‒This article is based upon work from COST Action CA15225, a network supported by 
COST (European Cooperation in Science and Technology).  
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High order numerical schemes for solving 
fractional order problems 

Neville J Ford & Yubin Yan 

Department of Mathematics, University of Chester, UK 
 

 

This brief presentation concerns recent advances in the construction of higher order methods 
for the solution of fractional differential equations, especially where smoothness conditions are 
absent.  

 

We begin with an overview of existing approaches and then some ideas will be presented about 
how further improvements can be introduced.  

 

We conclude with suggestions about how so-called corrections may be applied to a range of 
existing classical methods to improve the method's order in the absence of smoothness. 

 

 

Acknowledgement‒This article is based upon work from COST Action CA15225, a network 
supported by COST (European Cooperation in Science and Technology). 



A fractional-order operator for dielectric models

Roberto Garrappa†
† University of Bari, Dept. of Mathematics, Via Orabona 4 - Bari, Italy, roberto.garrappa@uniba.it

New fractional-order operators are continuously proposed; in most cases they are introduced
with the aim of better fitting data from experimental observations and modelling in a more
suitable way some complex systems for which already known operators turn out to be unsatis-
factory.

In 1967 experimental observations on some polymers led to the formulation of the new dielectric
Havriliak-Negami (HN) model obtained by inserting two real powers in the classical Debye
model. The HN normalized complex susceptibility, in the frequency domain, is

χ̂(iω) =
1(

1 + (iωτ?)α
)γ , 0 < α, αγ ≤ 1,

where τ? is a relaxation time and α and γ two independent parameters which allow to take into
account the asymmetry and broadness experimentally observed in the dielectric dispersion.

Empirical laws of HN type are today recognized as manifestation of simultaneous nonlocality
and nonlinearity of the relaxation properties of complex materials, as it is the case not only of
special kinds of polymers but also of inhomogeneous materials such as, for instance, biological
tissues.

Along the years several authors have tried to provide a formal representation of the pseudo-
fractional differential operator

(
Dα + τ−α

)γ associated, in the time domain, to the HN model,
thus to make available an efficient tool for simulations.

Only recently it has been observed that one of the most suitable tools is the Prabhakar derivative,
a convolution integral operator whose kernel is a function introduced by Prabhakar in 1971
(namely, a generalization to three parameters of the Mittag-Leffler function).

In this talk we present the Prabhakar function and the Prabhakar derivative, we illustrate their
main properties and we discuss the applications in modelling electro-magnetic fields in complex
or inhomogeneous materials.

[1] R. Garrappa, On Grünwald-Letnikov operators for fractional relaxation in Havriliak-Negami
models, Communications in Nonlinear Sciences and Numerical Simulation, 2016, 38, 178-191

[2] R. Garrappa, F. Mainardi, G. Maione, Models of dielectric relaxation based on completely
monotone functions, Fractional Calculus & Applied Analysis, 2016, 19(5), 1105-1160

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology).



A fractional-order diffusion model to predict
transgenic pollen dispersal

Emmanuel Hanert 1, Valentin Vallaeys 2, Rebecca Tyson 3, David Lane 4 and Eric Deleersnijder 2

1 Université catholique de Louvain, Earth and Life Institute (ELI), Belgium, emmanuel.hanert@uclouvain.be
2 Université catholique de Louvain, Institute of Mechanics, Materials and Civil Engineering (IMMC), Belgium

3 University of British Columbia Okanagan, Canada
4 Blue Comet Agro Inc., Canada

A number of recent studies suggest that pollinating insects such as bees follow a Levy random
walk in their search for food. Such a strategy has been shown to be more efficient than classical
Brownian motion when resources are scarce. However, the models that are currently used to
predict the dispersal of pollen by insect pollinators still rely on the Brownian motion assump-
tion and hence likely underestimate the probability of long-range dispersal. In this work, we
propose a mechanistic model for pollen dispersal that is based on bee movement through space.
The assumption that bees follow a Levy random walk leads to a model with a fractional-order
diffusion term. By numerically solving the model equations, we show that the tails of the sta-
tionary pollen distribution decay more slowly than with a classical diffusion model and hence
spread over a larger area. The isolation distances required to keep outcrossing below a certain
threshold are thus substantially increased. Our results therefore suggest that classical models
based on the Brownian motion assumption might seriously underestimate the risk associated
with GM pollen outcrossing in conventional crops.

References:

• Vallaeys V., R. Tyson, D. Lane, E. Deleersnijder and E. Hanert (2017) A Lévy-flight diffu-
sion model to predict transgenic pollen dispersal, Journal of the Royal Society Interface,
14: 20160889.

• Hanert E. and C. Piret (2014) A Chebyshev pseudo-spectral method to solve the space-
time tempered fractional diffusion equation, SIAM Journal on Scientific Computing, 36-4,
A1797-A1812.

• Hanert E. (2012) Front dynamics in a two-species competition model driven by Lévy
flights, Journal of Theoretical Biology, 300, 134-142.

• Tyson, R.C., J.B. Wilson and W.D. Lane (2011) A mechanistic model to predict trans-
genic seed contamination in bee-pollinated crops validated in an apple orchard. Ecologi-
cal Modelling 222, 20842092.

• Hanert E., E. Schumacher and E. Deleersnijder (2011) Front dynamics in fractional-order
epidemics models, Journal of Theoretical Biology, 279, 9-16.

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology).



Loopshaping toolbox for fractional order controller
design

Niranjan Saikumar†, S. Hassan HosseinNia†
† Delft University of Technology, PME, 3ME, Delft, The Netherlands

N.Saikumar@tudelft.nl, S.H.HosseinNiaKani@tudelft.nl

The toolbox combines industry standard loopshaping controller design with fractional order fil-
ters. This serves as a good base for control engineers in industry to experiment with and employ
fractional order filters in their control design. The toolbox automatically provides different per-
formance metrics and the engineer can directly assess control performance in both frequency
and time domain. With different fractional order approximation techniques being part of the
toolbox, it also serves as an educational purpose for students introduced to fractional order
techniques in control engineering.

Figure 1: Screenshot of the toolbox

Acknowledgement– This toolbox was developed as part of Bachelor end Project by Lennart van
Duist, Gijs van der Gugten and Daan Toten. This article is based upon work from COST Action
CA15225, a network supported by COST (European Cooperation in Science and Technology).



The use of fractional order impedance model to
characterize pain

Jasper Juchem, Dana Copot and Clara Ionescu
Ghent University, Research Group on Dynamical Systems and Control

Technologiepark 914, 9052, Ghent, Belgium
e-mails: {jasper.juchem,dana.copot,claramihaela.ionescu}@ugent.be

Pain is a complex response to the interaction of multiple inflammatory mediators that are released at
the point of injury. Current methods of assessing pain include visual analogy, and verbal-numeric scales.
However, these methods require that the patient is conscious. Studies have shown that these methods may
also be subjective and discrepancies are likely to be recorded for similar pain intensity measurements.
In this paper the use of fractional calculus tools to characterize the level of pain is presented. Pain
assessment is a challenging task nowadays in clinical practice. There is no objective pain measurement
device available on the market. In this paper a device a prototype device for continuous pain measurement
is introduced. A fractional order impedance model to characterize pain has been developed and fitted to
the measured data. The first steps towards the development of a mathematical model to characterize
pain have been taken. For this, a continuous measurement skin impedance device has been developed.
Measurements have been performed in our laboratory and a measurements protocol has been defined.
The preliminary results indicate that with the designed prototype device and the proposed methodology
the two cases (i.e. pain and no pain) could be distinguished. The impedance has been calculated by
means of spectral analysis.

Figure 1: Left: Measured impedance for a volunteer when mechanical stimulus is applied. Right:
Measured (blue) and fitted fractional order model (red) for one volunteer when pain stimulus has been
applied.

In figure 1 left the experimental data for one volunteer is presented. During the measurements two
(mechanical) pain stimuli have been applied to the volunteer. Changes in the measured impedance can be
observed in figure 1 left. In figure 1 right a fractional order model has been fitted to the measured data. It
can be notice that the proposed fractional order model can successfully capture the characteristic/changes
in impedance when pain is present. This is a preliminary study, where we show that tools from fractional
calculus could be employed to objectively describe pain.

Acknowledgement–. This work is financially supported by Flanders Research Centre, grant number
12B3415N.



Fractional-Order Modelling of Distributed 
Parameter Systems: An Application and 

Developed GUI 
Aslihan Kartci 

Brno University of Technology, Department of Radio Electronics, Brno, Czech Republic 
Email: kartci@feec.vutbr.cz 

 

Signal propagation on a RC transmission line (TL) can be described by a partial differential 
equation that is equivalent in form to the equations describing classical Gaussian diffusion. 
Fractional-order generalizations of this model reflect the onset of anomalous, non-Gaussian 
diffusion. Anomalous diffusion has been characterized in both space and time using a rich 
variety of fractional order derivatives. Therefore, the concept of fractional-order transmission 
line model has been examined to model capacitor and inductor at high-frequency region. This 
talk will provide the simulation of signal propagation on TL e.g. on the printed circuits boards 
or even inside the chips. Considering the real lossy transmission lines the increasing 
frequency leads to additional losses due to the frequency dependencies of the TL per-unit-
length (p.u.l.) parameters. Most important is a skin effect affecting the series resistance and 
inductance. Due to this; the lossy TL with skin effect is studied as a case study in integer- and 
fractional-order domain. The GUI is developed for easy calculation of various TL examples. 

 
Figure. 1: Developed GUI for transmission line modelling 

 

Acknowledgement‒This article is based upon work from COST Action CA15225, a network 
supported by COST (European Cooperation in Science and Technology). Research described 
in this paper was financed by the Czech Science Foundation under grants no. 15-18288S. For 
the research, infrastructure of the SIX Center was used. 



Stability of two-component incommensurate
fractional-order systems and the investigation of a

conductance-based neuronal model

Eva Kaslik†‡

† West University of Timişoara, Dept. of Mathematics and Computer Science
Bd. V. Pârvan nr. 4, 300115, Timişoara, Romania, e-mail: eva.kaslik@e-uvt.ro

‡ Institute e-Austria Timişoara, Romania, Bd. V. Pârvan nr. 4, cam. 045B, 300115, Timişoara, Romania

Necessary and sufficient conditions are explored for the asymptotic stability and instability
of the null solution for two-dimensional autonomous linear incommensurate fractional-order
dynamical systems with Caputo derivatives of different orders, of the form{

cDq1x(t) = a11x(t) + a12y(t)
cDq2x(t) = a21x(t) + a22y(t)

(1)

where A = (aij) is a real two-dimensional matrix and q1, q2 ∈ (0, 1) are the fractional orders of
the Caputo derivatives.

The theoretical results are obtained employing Laplace transforms and their asymptotic expan-
sions, as well as complex analysis tools, leading to a generalization of the well-known Routh-
Hurwitz criterion.

As an application, the obtained theoretical findings are later used for the investigation of the
stability properties of a two-dimensional fractional-order conductance-based neuronal model:{

cDq1v(t) = I − I(v, w)
cDq2w(t) = φ(w∞(v)− w) (2)

where v represents the membrane potential andw is a recovery variable of the biological neuron.

Moreover, the occurrence of Hopf bifurcations is also discussed, choosing the fractional or-
ders q1, q2 as bifurcation parameters. Numerical simulations are also presented to illustrate the
theoretical results.

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology). This work was sup-
ported by a grant of the Romanian National Authority for Scientific Research and Innovation,
CNCS-UEFISCDI, project no. PN-II-RU-TE-2014-4-0270.



RC-EDP approach in designing fractional-order
elements

Jaroslav Koton†, David Kubanek†, Peter A. Ushakov‡, and Kirill Maksimov‡

† Brno University of Technology, Dept. of Telecommunications, Czech Republic,
{koton, kubanek}@feec.vutbr.cz

‡ Kalashnikov Izhevsk State Technical University, Russian Federation, ushpet@izh.com

Following the theory and description of multilayer resistive-capacitive elements with distributed
parameters (RC-EDP), possible approach of designing passive structures featuring constant
phase in a specific frequency range is was proposed. Generally, it is possible to utilize any
fractional order α between 0 and 1 and design a fractional-order element (FOE) of capacitive
type, i.e. Cα, which might be suitable for the design of analogue function blocks.

The implementation of the FOE is done by means of suitable interconnection of individual RC-
EDP sections, whereas generally it can be said that the more sections are used, either the more
flat phase response in a specific frequency range or the wider frequency range with the assumed
ripple in phase can be obtained.

To make a trade-off between the complexity of the final structure and the frequency range,
the current software design tool assumes four RC-EDP sections. A schematic example of such
structure is shown in Fig. 1. Using the reference parameters of the resistive and capacitive layers
and their reference dimensions obtained by the software, the final dimenstions of the RC-EDP
structure can be determined as:

Li =

√
R0C0

R�C�
L0i, Wi =

√
R�C0

R0C�
,

whereR0 andC0 represent the reference resistance and capacitance related to the per unit length,
and L0i is the reference length of the ith section, whereas the reference width is assumed to be
unity. R� and C� are the resistance per square and capacitance per area of the resistive and
dielectric inks used for practical realization, respectively

Figure 1: Example of possible interconnection of four RC-EDP sections

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology).



On the numerical solution of time
distributed-order diffusion equations

Luı́sa Morgado†, and Magda Rebelo‡

† University of Trás-os-Montes e Alto Douro, Dept. of Mathematics, Vila Real, Portugal, luisam@utad.pt
‡ University NOVA de Lisboa, Dept. of Mathematics, Costa da Caparica, Portugal, msjr@fct.unl.pt

One popular example of a fractional differential model is the diffusion equation with fractional
order in time, which has been used in the modeling of several engineering, biological and phys-
ical processes where anomalous diffusion occurs. Recently, another type of derivative attracted
the scientific community, the distributed-order derivative, which is a linear operator, defined as
a weighted integral of different differentiation orders over a certain range. Thus, distributed-
order differential equations can be regarded as natural generalizations of differential equations
of integer and fractional order. In this talk, we focus on the numerical approximation of initial-
boundary value problems to the one-dimensional diffusion equation with distributed-order in
time: ∫ 1

0

c(α)
∂αu(x, t)

∂tα
dα =

∂2u(x, t)

∂x2
+ f(x, t), 0 < t ≤ a, 0 < x < b,

u(x, 0) = g0(x), 0 < x < b, u(0, t) = φ0(t), u(b, t) = φb(t), 0 < t < a,

where the fractional derivative is given according to the Caputo definition. Because frac-
tional differential equations usually exhibit a singularity at the origin in time, a finite difference
method is developed where a graded time mesh is considered, defined through the meshpoints:
tj =

(
j
Nt

)r
a, j = 0, 1, . . . , Nt − 1, and where r is the grading exponent (note that if r = 1,

a uniform mesh is obtained).
Numerical results are presented, illustrating the efficiency of the method, mainly when dealing
with nonsmooth solutions. As an example, if we properly define the functions c, f , g0, φ0 and
φb, so that the analytical solution of the problem is u(x, t) = t2/3x2, t > 0, x ∈ [0, 1], Figure
1 shows that a suitable choice (which will be properly discussed) of the grading exponent results
on a significant decrease of the committed absolute error.

Figure 1: Committed absolute error for different choices of the grading exponent.

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology).



Fractional consensus dynamics

Dorota Mozyrska†, Ewa Girejko†, and Małgorzata Wyrwas†
† Bialystok University of Technology, Faculty of Computer Science, Wiejska 45A, Poland, d.mozyrska@pb.edu.pl

There has been an increasing interest in recent years in the analysis of multi–agent systems
where agents interact accordingly to some local rules. Speaking about consensus we need
to imagine a group of individuals who need to act together as a team or committee. An ex-
tensive analysis for the models introduced by Krause in [1] or sometimes referred to as the
Hegelsmann–Krause model were given in [2] and [3]. In investigations we use interactions
between opinions defined like in Hegselmann–Krause models but with included memory by
fractional–order operator on the left side. We use the Grünwald–Letnikov–type difference op-
erator. In the paper we investigate various models for the dynamics of discrete-time fractional
order opinions by analytical methods and by computer simulations. Particularly, we investigate
models for the for single– and double–summator dynamics of discrete-time fractional order
opinions by analytical methods as well as by computer simulations.

Acknowledgement–This research was partially supported by the grant DEC-2014/15/B/ST7/05270
of the Polish Ministry of Science and Higher Education and is based upon work from COST
Action CA15225, a network supported by COST (European Cooperation in Science and Tech-
nology).

References

[1] U. Krause, A discrete nonlinear and non-autonomous model of consensus formation, Proc.
Commun. Difference Equations (2000) 227–236.

[2] R. Hegselmann and U. Krause, Opinion dynamics and bounden confidence mod- els, anal-
ysis, and simulations, J. Artif. Societies Social Simul. 5 (3) (2002) 227–236.

[3] V. D. Blondel and J. M. Hendrickx and F. N. Tsitsiklis, On krauses multi-agent consensus
model with state-dependent connectivity, IEEE Transactions on Automatic Control 5 (11)
(2009) 2586–2597.



Realization of CMOS Controllers Using
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Fractional-order proportional-integral-derivative (PIλDµ) controllers, where λ and µ are the or-
der of integration and differentiation, respectively, have received a considerable attention in
the past few years both from academic and industrial point of view. This originates from the
fact that integer-order PID controllers have three parameters to select, while PIλDµcontrollers
have five parameters. Owing to the fact that fractional-order capacitors, known also as Constant
Phase Elements (CPEs), are not commercially available, the implementation of PIλDµ con-
trollers is based on the substitution of the capacitors in conventional PID structures, where Op-
erational Amplifiers (op-amps), second generation Current-Conveyors (CCIIs), and Operational
Transconductance Amplifiers (OTAs) as used as active elements, by appropriately configured
RC networks in order to implement the required differentiation/integration blocks. An obstacle
of this technique is that it is not tuned on-the-fly, since the values of passive elements of the RC
network must be re-calculated and, therefore, the topology must be changed for approximating
CPEs with different values of the capacitance and/or order.
In order to overcome this drawback, an alternative method for approximating fractional-order
integrators/differentiators is presented where, instead of substituting the CPEs by RC networks,
the transfer function of the integrator/differentiator is approximated by an appropriate Inverse-
Follow-the-Leader Feedback (IFLF) topology. The implementation is performed using OTAs
as active elements and, thanks to the employment of the the small-signal transconductance pa-
rameter (gm) of OTAs, the realized time-constants as well as the gain factors could be electron-
ically adjusted through appropriate dc bias currents/voltages. Consequently, the derived inte-
grator/differentiator structures offer the benefits of the electronic tuning of their characteristics.
In addition, the same core is used for realizing integrators and differentiators and the selection
of the realized transfer function is performed through an adjustment of the time-constants and
gain factors in the FLF topology. Another attractive benefit is the capability for implementation
in integrated form, instead of discrete-component form, which enables further integration with
digital circuitry.
The first design example is the design of a IλDµ controller controller suitable for mini DC mo-
tor with model number PPN13KA12C which is great for robots, remote control applications,
CD/DVD mechanics, etc. The proposed controller structure offers the following attractive char-
acteristics: a) resistorless realization, b) electronic tuning of its characteristics, and c) capability
for implementation in monolithic form.
The second design example is about the implementation of a PIλ controller suitable for brake
and throttle control in a commercial Citroën C3 prototype vehicle, which has automatic driving
capabilities at low speeds. In addition to the aforementioned benefits, the proposed structure is
re-configurable, in the sense that the selection of the brake or throttle control is performed by
the same core through the utilization of an appropriate digital circuitry.

Acknowledgment–This article is based upon work from COST Action CA15225, a network supported
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Studies on analysis and design of digital fractional order differentiators and integrators is the main objective of this 

paper. In order to design a digital fractional order differentiator or integrator, one needs to obtain a transfer function 
in the digital domain. Commonly used techniques of obtaining a digital transfer function from a continuous-time 
domain transfer function are direct discretization and indirect discretization. In this paper second method is followed.  
That approach is tested for differentiators and integrators of order ½ and ¼. The results were compared with the ideal 
characteristic. 

Keywords— Continued Fraction Expansion, fractional-order differentiator and integrator, indirect discretization, 
Oustaloup Recursive Approximation 

 
This paper deals with the analysis and design  of digital fractional order differentiators and integrators. A 

fractional order differentiator or integrator is defined by H(s)=sγ where γ  could be either positive or negative, for 
differentiator or integrator, respectively. To obtain a digital differentiator or integrator one needs first to discretize 
a transfer function in continuous-time domain. Two commonly used techniques for discretization are direct 
discretization and indirect discretization. The first one  involves an approximation of the s to z transform. In the 
indirect discretization, the first step is obtaining a rational approximation for H(s) in continuous-time domain by 
limiting its order and then it is digitized using discretization operators. This paper follows the indirect 
discretization. Rational approximation of the fractional order operator is obtained by using the continued fraction 
expansion (CFE) and the Oustaloup recursive approximation (OUST). Different methods for discretization of the 
rational approximation are used in order to find the discretization method with the best performance measure. 
Operators which are used are: Tustin operator, Al-Alaoui operator, Simpson operator and Euler operator.  

 
The indirect discretization is based on using CFE and OUST  in order to find a rational approximation of the 

fractional order operator. Afterwards one of four different discretization operators is used. In that way there is 
obtained 8 different types of fractional digital differentiators, which are: Continued Fraction Expansion and Euler 
operator, Continued Fraction Expansion and Tustin operator, Continued Fraction Expansion and Al-Alaoui 
operator, Continued Fraction Expansion and Simpson operator, Oustaloup recursive equation and Euler operator, 
Oustaloup recursive equation and Tustin operator, Oustaloup recursive equation and Al-Alaoui operator, 
Oustaloup recursive equation and Simpson operator. Integrated absolute error is used as a performance measure. 
It is showed that one method of digital fractional-order differentiator/integrator design is not sufficient to satisfy 
both amplitude-frequency and phase-frequency characteristics. Indirect discretization using CFE method for 
approximation combined with Al-Alaoui operator for discretization gives the smallest integrated absolute error of 
amplitude-frequency characteristic compared with the ideal amplitude-frequency characteristic. The best method 
for achieving the smallest integrated absolute error of phase-frequency characteristic compared with the ideal 
phase-frequency characteristic and therefore the best behavior for phase-frequency characteristic is CFE method 
for approximation combined with Tustin operator. For achieving this results there have been used differentiators 
and integrators of order ½ and ¼. Using a practical implementation it has been shown that a digital differentiator 
and integrator of order ½ and ¼ behaves according to their Bode diagrams. Period of discretization is T=0.05 s. 
Used formulas for calculating the integrated absolute error (IAE) are: 

 

𝐼𝐴𝐸𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 = ∫ |𝐴(𝑤) − 𝐴𝑖𝑑𝑒𝑎𝑙(𝑤) |𝑑𝑤
𝑤2=62.8 𝑟𝑎𝑑/𝑠

𝑤1

 

𝐼𝐴𝐸𝑝ℎ𝑎𝑠𝑒 = ∫ |𝜑(𝑤) − 𝜑𝑖𝑑𝑒𝑎𝑙(𝑤) |𝑑𝑤
𝑤2=62.8 𝑟𝑎𝑑/𝑠

𝑤1
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Recent engines requirements on emissions and performance can be fulfilled with a more precise 
metering of the air/fuel mixture during the injection process. This work proposes new results in 
the modelling of electro-injectors, investigating on fractional-order modelling of the fuel 
dynamics along the feeding path. The classical Navier-Stokes equations describing the fluid 

propagation phenomena are extended by introducing a non-integer order differentiation: 
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The fractional-order model of fuel propagation is integrated via numerical approximation in the whole 

lumped-parameters model of the electro-injectors for experimental validation purposes. The 

simulated injected flow rate is compared with experimental data from a real electro-injector at 

different and relevant operating conditions. The optimal values of fractional orders 𝛼, related to the 

fluid velocity 𝑢 , and 𝛽, related to pressure variations 𝑝, are derived via sensitivity test considering 

different cases (𝛼 ≠ 𝛽) compared to the integer-order case (𝛼 = 𝛽 = 1). The results in the best case 

show a good prediction capability and the proposed model can be useful to design new fractional-

order control strategy for rate shaping. 

 
Figure. 1: Injected flow rate for relevant operating conditions with 𝛼 = 0.85, 𝛽 = 0.98 (best case) 
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Fractional derivative models in the biomedical field may be caused by the existence of many
relaxation processes or can be derived from the properties of polymers, among others. Here
a non-Newtonian material with time-dependent viscosity is analyzed. For the last decades it
has been used to describe the grain shearing process due to an acoustic stimulus in sub-bottom
sediments. Surprisingly, a linearly time-varying viscosity (rheopecty) results in a power law
relaxation modulus which is similar to that of a fractional derivative element1 as illustrated.

Figure 1: (a) Maxwell spring damper with time-varying viscosity. (b) The fractional dashpot
with similar relaxation modulus

The definitions of the time-varying viscous model and the relaxation modulus of fractional
derivative which is also that of the time-varying Maxwell model are:

σd(t) = [η0 + θ · t]ε̇(t), t ≥ 0; G(t, 0) ≈ GFD(t) =

(
t

τ

)−α

, η0 � θ · t.

The creep compliance of this model is also identified as Lomnitz’s logarithmic creep law making
this possibly its first direct derivation. In this way both fractional derivatives and Lomnitz’s
creep law are linked to time-varying viscosity.
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The adoption of principles from fractional calculus into interdisciplinary studies has been a very
active area of research during the last decade. Thus, fractional-order capacitors, also known as
Constant Phase Elements (CPEs), and fractional-order inductors (FIs) are the main building
blocks for modeling the passive electrical behavior of many biological tissues impedance or
describing the mechanical properties of various human systems. The measurement of the elec-
trical impedance of biological tissues, also known as bio-impedance, is used to quantify their
passive electrical properties and provide details of the electrochemical processes in these tis-
sues which can be used to monitor physiological changes. Measurements of tissue properties
of protein fibers as well as a variety of fruits and vegetables have shown that their impedance
can only be modeled by using RC networks that incorporate CPE elements. A fractional-order
model was used to fit the impedance data collected from wood samples to estimate the internal
moisture gradients. Also, a such type of model is used for constructing the electrical analogue
of the mechanical impedance properties of the human respiratory system.
As CPEs are not commercially available, their behavior can by approximated by appropriately
configured RC networks. However, this technique suffers from the absence of tunability be-
cause the network must be re-designed to reflect any changes of order and/or values of the
element. In addition, FIs can be emulated using a CPE and a Generalized Impedance Converter
(GIC) and, consequently, this solution suffers from the same obstacles as in the case of CPE.
Another possibility for emulating CPEs/FIs is the employment of a fractional-order integra-
tion/differentiation stage and a voltage-to-current (V/I) converter. The implementation is per-
formed using Operational Transconductance Amplifiers (OTAs) as active elements. The main
offered benefit, originated from the employment of the small-signal transconductance parame-
ter (gm), is that the derived CPE/FI emulators are electronically adjustable through appropriate
dc bias currents/voltages which control the transconductance of the corresponding OTAs. In
addition, the derived emulators are resistorless and have the capability for implementation in
monolithic form.
The first design example is about the implantation of the electrical analogue of the mechanical
properties of the human respiratory system. Thanks to the electronic tunability of emulated
CPEs/FIs , the circuit capable for adopting the characteristics of the emulated human respira-
tory system model under different conditions.
A novel integrated emulator of the wood moisture gradient model is provided as second design
example, which also offers the same benefits as in the case of the previously mentioned struc-
ture.
The performance of the presented circuits has been evaluated, at post-layout simulation level, using the
Analog Design Environment of the Cadence software and the Design Kit provided by the AMS 0.35 µm
CMOS process.
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