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Dynamics of adjacent structures for different
earthquake excitation models

Nenad Grahovac†, and Miodrag Zigic†
† University of Novi Sad, Faculty of Technical Sciences, Department of Mechanics,

Trg Dositeja Obradovica 6, Novi Sad, ngraho@uns.ac.rs, mzigic@uns.ac.rs

We analyzed the seismic response of two adjacent structures connected with a dry friction
damper. Both structures consist of a rigid block and a viscoelastic rod. Rigid blocks can slide
without friction along the moving base, see Figure 1. Horizontal ground excitation is modeled
by two different models: sinusoidal wave with envelope function and a simplified earthquake
model by means of Ricker’s waves. Energy brought to the system dissipates by work done by
viscoelastic and friction forces. The fractional Zener model is used to describe the behavior
of a viscoelastic rod, while the friction damper is modeled by the set-valued Coulomb friction
law. The system of equations which describes behavior of the structures contains second order
differential equations and fractional differential equations where the friction force is described
by a non-smooth function.
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Figure 1: Mechanical system consists of two adjacent structures.

Dimensionless system of equations with corresponding initial conditions is solved by the nu-
merical procedure, see [1]. Non-smooth friction model enables describing the stick-slip effect
during oscillatory motion of the rigid blocks. On the bases of calculation of the distance be-
tween the blocks it is possible to conclude whether the pounding between the two adjacent
structures will take place or not, which can be useful for engineering applications.

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology).
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The non-integer order robust - CRONE control 
parallel approach 

Piotr Ostalczyk†,  

Lodz University of Technology, Department of Electrical Engineering, ul. Stefanowskiego 18/22, Poland, email-
postalcz@p.lodz.pl 

 
The idea of applying of  the Fractional Calculus (FC) to controllers construction 

(named as CRONE ones) in the closed-loop control systems came from “FC mathematical 
and engineering Prometheus” -prof. Alain Oustaloup, who along with his group of scientists 
from Groupement de Recherche “Automatique” du CNRS (Grenoble, France) began around 
1984 a synthesis of mentioned controllers [1],[2]. Over 35 years, three generations of these 
controllers have been developed.  

In the paper the idea of the CRONE [1] control will be presented from parallel 
approach basing on the Nyquist plane and uncertainty regions reshaping. First, some relations 
between an open- and closed-loop system with the non-integer order integrator are proved. 
They are presented in Fig 1. The uncertainty areas of the plant Nyquist frequency 
characteristics are given in Fig.2. 
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Figure. 1: Relations between an open-   
  
     and 

  
  
       closed-loop system with the fractional integrator 

Figure 2.: Uncertainty areas of the plant with 
three uncertain parameters from a known 

intervals [2] 
 

The open-loop Nyquist system frequency characteristics with the CRONE controller should 
approximate the non-integer integration element. The CRONE control preserves the closed-
loop stability and shape of its responses due assumed uncertainty of the plant  [1].[4]. 

Acknowledgement ‒This article is based upon work from COST Action CA15225, a network 
supported by COST (European Cooperation in Science and Technology). 
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Generalized Fractional-Order Filter Designs

Elpida Kaskouta†, Themis Kamilaris†, Roman Sotner ‡, Jan Jerabek∗, and Costas Psychalinos†
† University of Patras, Dept. of Physics, Rio Patras, Greece, cpsychal@upatras.gr

‡ Brno University of Technology, Dept.of Radio Electronics, Brno, Czech Republic, sotner@feec.vutbr.cz
∗ Brno University of Technology, Dept. of Telecommunications, Brno, Czech Republic, jerabekj@feec.vutbr.cz

Fractional-order filters can be easily derived through the substitution of the capacitors in the
corresponding integer-order filters by their fractional-order counterparts. As fractional-order
capacitors are not commercially available, their behavior can be approximated by appropriately
configured RC networks. Following this approach, fractional-order low-pass (FLPF), high-pass
(FHPF), band-pass (FBPF), and band-stop (FBSF) filter functions have been already introduced
in the literature [1]. It must be mentioned at this point that the aforementioned topologies are
not capable for simultaneously realizing all these filter functions.
Another alternative procedure is the approximation of the FLPF, FHPF, and FBPF functions by
integer-order rational transfer functions which are implemented by multi-feedback topologies.
This procedure has been presented in [2], where single-input single-output topologies have been
introduced and, therefore, each time one type of filter function is possible.
Fractional-order single-input multiple-output (FO-SIMO) and fractional-order multiple-input
single-output (FO-MISO) filter topologies are presented in this work. They are capable of si-
multaneously realizing the four basic filter functions, which are obtained at different nodes
of the topology or through an appropriate combination of applied voltage sources, which is
performed without altering its core. Both the introduced topologies offer the attractive char-
acteristic of the electronic tuning of the realized time-constants due to the employment of the
transconductance parameter of the Operational Transconductance Amplifiers (OTAs) [3].

Acknowledgement–This article is based upon work from COST Action CA15225, a network supported
by COST (European Cooperation in Science and Technology).
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Model reference adaptive control of fractional-
order PID control systems 

Celaleddin Yeroglu†, Aleksei Tepljakov‡, Eduard Petlenkov‡ and Baris Baykant Alagoz† 
†Department of Computer Engineering, Inonu University, Malatya, Turkey 

‡Department of Computer Systems, Tallinn University of Technology, Tallinn, Estonia 
 

Real world performances of model-based control systems strongly depend on the accuracy of 
controlled system models. A major contribution of fractional calculus to engineering comes 
from modeling power of fractional calculus. It significantly enhances frequency domain 
characterization performance of dynamic system models by allowing fractionally adjustment 
of amplitude and phase responses. Control engineering has been benefited from this property 
and efforts to moving classical control structures from integer-order domain to fractional-
order domain were initiated. We investigated the utilization of fractional-order modeling in 
conventional MRAC structure and demonstrated contributions of incorporation of FOPID 
control and fractional-order MRAC structure to fault-tolerance and disturbance rejection 
control performance. Figure 1(a) shows an incorporation of MRAC and FOPID control loops, 
where the inner loop is FOPID control loop and the outer loop is MRAC loop. We observed 
that when the reference model of MRAC is chosen as a fractional-order model, the multi-loop 
MRAC-FOPID control structures can improve robust performance of FOPID control system 
[1,2]. Figure 1(b) shows a simulation result that validates improvement of disturbance 
rejection performance. 

 

 

 

 

 

Figure. 1: (a) Block diagram of multi-loop MRAC-PID structure (b) A simulation result 

Acknowledgement‒This article is based upon work from COST Action CA15225, a network 
supported by COST (European Cooperation in Science and Technology). 
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About Some New Developments in Fractional 
Variational Principals 

Ozlem Defterli† 
†Cankaya University, Department of Mathematics, Ankara TR 06790, TURKEY, defterli@cankaya.edu.tr 

 
 

In this study, some modern mathematical operators will be presented as recent tools in the 
formulation of optimal control problems considered under  variational principals. Namely, 
fractional order differentiation and integration operators will be shown together with the 
classical case and some new cases regarding the kernel function in their definitions [1-7]. The 
applications of these new tools to the fractional optimal control problems will be presented for 
both cases and some illustrative examples will be shown with corresponding numerical 
solutions [2-5]. 

 

Acknowledgement‒This study is based upon work from COST Action CA15225, a network 
supported by COST (European Cooperation in Science and Technology). This research is 
partially supported by the Scientific and Technological Research Council of Turkey 
(TUBITAK) under grant TBAG-117F473. 
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Switched fractional state-space predictive 
control methods for non-linear fractional 

systems 
Stefan Domek† 

† Department of Control Engineering and Robotics, West Pomeranian University of Technology Szczecin 
ul. Sikorskiego 37, 70-313 Szczecin, Poland, stefan.domek@zut.edu.pl 

 

The objective of this paper is to propose two approaches for a fractional-order State-space 
Model Predictive Control (FOSMPC) for nonlinear fractional systems, similar as was used in 
[1] for SMPC of integer-order. The methods leads to switched  FOSMPC controllers in which 
the linearized fractional-order internal models are successively switched on-line and used for 
prediction in the current operating point or additionally along of the future process trajectory. 
In both cases, as a result of linearization, the future control policy is calculated by means of 
quadratic optimization. 

The discussed FOSMPC algorithms are also able to compensate for deterministic constant-type 
state and output disturbances and thus guarantee offset-free control. For such a result methods 
of augmentation of the process state by the state of deterministic disturbances are mostly 
proposed [2]. In this paper a simpler method with estimation of the process state has been 
adopted. Finally, two types of switched FOSMPC are described. Also, the precise algorithms 
of calculations to be carried out on-line at each sampling instant, in order to illustrate 
implementation steps of both control methods are summarized. 

 

Acknowledgement‒This article is based upon work from COST Action CA15225, a network 
supported by COST (European Cooperation in Science and Technology). 
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Analysis and verification of identical- and
arbitrary-order mixed-matrix FoC networks

Aslihan Kartci†,‡, Agamyrat Agambayev§, Norbert Herencsar‡, and Khaled N. Salama§

Brno University of Technology, † Dept. of Radio Electronics / ‡ Dept. of Telecommunications,
Technicka 3082/12, 616 00 Brno, Czech Republic, kartci@feec.vutbr.cz, herencsn@ieee.org

§ King Abdullah University of Science and Technology, Computer, Electrical and Mathematical Sciences &
Engineering Division, Thuwal, Saudi Arabia, agamyrat.agambayev@kaust.edu.sa, khaled salama@ieee.org

An analytical approach for the circuit network connections of fractional-order capacitors (FoCs)
is presented. Particularly, as practical case studies, two and three identical- and arbitrary-
order fabricated polymer composite, mixed matrix, as FoCs were used in series- and parallel-
connected circuits and the magnitude and phase responses of the equivalent impedances were
evaluated in detail. The experimental results show that the phase is constant with ±4 degrees
phase angle deviation in the measured frequency range of interest 200 kHz - 20 MHz [1].

Figure 1: Calculation of the series-, parallel-, and inter-connected arbitrary-order FoC equiva-
lent magnitude and phase via MATLAB [1]

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology).
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Non-integer order control of PMSM drives
with two nested feedback loops

Paolo Lino†, Guido Maione†
† Polytechnic University of Bari, Dept. of Electrical and Information Engineering

Via E. Orabona 4, Italy, {paolo.lino,guido.maione}@poliba.it

A common industrial control scheme employs integer-order proportional-integral controllers
to regulate the current, in an inner loop, and speed, in an outer loop, of permanent magnet
synchronous motor (PMSM) drives. Tuning employs the Symmetrical Optimum Method (SOM)
[1]. This article proposes fractional-order proportional-integral (FOPI) controllers to obtain
improvements in the nested loops. If a FOPI controller is used for the current, the inner closed
loop is a fractional-order plant for the outer loop, where a FOPI controller is beneficial [2].

The non-integer order controllers are designed by extending the SOM [3]. The inner loop
(PMSM, actuator, sensor) is modeled by Gp1(s) =

K1

1+τ1s
. The inner FOPI controller Gc1(s) =

KI1(1+TI1s
ν
1)

sν1
is designed as follows: a) the crossover frequency ωc1 is obtained from the specified

bandwidth ωB1; b) a simple relation is established between the phase margin and ν1: this choice
provides TI1 and allows to set ν1 by the specified phase margin PMs1; c) KI1 is determined
by the gain crossover in ωc1. In the outer loop, Gp2(s) =

KcK2

s(1+τ2s)
Gcl1(s), where Kc represents

current-torque conversion, K2/s the torque-speed relation, τ2 the actuator and sensor dynam-
ics, and Gcl1(s) the inner closed-loop system of non-integer order. The outer FOPI controller
Gc2(s) =

KI2(1+TI2s
ν
2)

sν2
is designed by the specifications ωB2 and PMs2 and by following the

steps a)–c). The irrational transfer functions Gc1(s) and Gc2(s) are realized by the method in
[4]. Finally, a set-point smoothing filter of first order has a time constant that is chosen by trial
and error. Simulation results prove the effectiveness of the proposed approach.

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology).
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Modelling transient currents in disordered
materials with time-fractional advection-diffusion

equations

M. Luı́sa Morgado†, Luı́s F. Morgado‡

† University of Trás-os-Montes e Alto Douro, Dept. of Mathematics, Portugal, luisam@utad.pt
‡ University of Trás-os-Montes e Alto Douro, Dept. of Physics, Portugal, lmorgado@utad.pt

In this talk we explore the use of fractional derivatives in the modelling of transient currents in
disordered materials, in which we assume that the distribution of the carrier density is governed
by the advection-diffusion equation:

∂α,λu(x, t)

∂t
+W

∂u(x, t)

∂x
−D∂

2u(x, t)

∂x2
= 0, t ∈ (0, T ], x ∈ (0, L),

where
∂α,λu(x, t)

∂t
is the tempered Caputo fractional derivative of u with respect to t, of order

α, 0 < α ≤ 1, and λ ≥ 0. The total current I(t) is given by the space average of the current

density j(x, t), I(t) =
1

L

∫ L

0

j(x′, t)dx′, and since j(x′, t) = − d

dt

∫ x′

0

q u(x, t)dx, where q

is the carrier electrical charge, we get
I(t)

q
= − d

dt

∫ L

0

(L− x)u(x, t)dx.

We particularly focus on the numerical approximation of the involved problems. Since solutions
of fractional differential equations usually possess singularities in the origin in time, we propose
a finite difference scheme on a time graded mesh, in which the grading exponent can be properly
chosen. Numerical results show that the proposed models accurately fit some experimental data.

0.05 0.10 0.50 1

0.05

0.10

0.50

1

5

t / t tr

I(
t)
/

I(
t t

r
)

Figure 1: Red line: α = 0.8, λ = 0.8; Black line; α = 0.8, λ = 0; Dots: experimental data
for Amorphous and β-Rhombohedral Boron material.

Acknowledgement–This article is based upon work from COST Action CA15225, a network
supported by COST (European Cooperation in Science and Technology).
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Fractional methods for feature extraction in 
online handwritten signals 

Jan Mucha‡, Marcos Faundez-Zanuy‡ and Jiri Mekyska† 
†Department of Telecommunications, Brno University of Technology, Technicka 12, 61600 Brno (Czech 

Republic) 
‡Tecnocampus, University Pompeu Fabra, Avda. Ernest Lluch 32, 08302 Mataró (Spain) 

faundez@tecnocampus.cat 
 

While in the last recent years deep learning has improved pattern recognition accuracies there 
are still some fields where the amount of samples is small and these kinds of techniques 
cannot be applied. This is the case of biometric signal analysis for security and health issues. 
In those cases where the lack of samples and in general when existing databases are not large 
enough still some possibilities exist to improve accuracies. One of the most successful is 
feature extraction enhancement. Good feature extraction can facilitate the posterior task of an 
automatic classifier. In our case, we go one step further from classical analysis. For example 
basic kinematic analysis (employing velocity and acceleration features) is usually performed 
while quantifying online handwritten tasks such as drawings, cursive and capital written texts, 
etc. Inside the framework of COST CA15225 we realize that most of the researchers work in 
fractional control systems. While this has been proven significant achievements this is a very 
narrow research field inside signal processing topic. In order to popularize these techniques 
some achievements should be demonstrated in other fields and with this goal in mind we have 
applied fractional order analysis as a complement and/or replacement of conventional 
techniques of Parkinson’s disease (PD) dysgraphia diagnosis. We proved that a new approach 
based on fractional order derivatives applied in kinematic analysis can help to increase 
automatic PD diagnosis as well as to analyze the effect of medication used to suppress the 
disease symptoms. Preliminary results reveal, that the newly designed features based on 
fractional order derivatives increased classification accuracy in differential analysis by 10 % 
when processing only one handwriting task (the Archimedean spiral) [1]. In the case of task 
combination, the classification accuracy was improved by approximately 15 % (accuracy = 90 
%, sensitivity = 89 %, specificity = 91 %). Moreover, in comparison with the conventional 
handwriting features, the new fractional order derivatives based features are more sensitive to 
the effect of dopaminergic medication on PD dysgraphia. Although the conventional features 
have not significantly changed after the medication, we observed some significant changes in 
the newly designed ones. This is probably caused by better sensitivity of these features and by 
their stronger descriptive power.  

Acknowledgement‒This article is based upon work from COST Action CA15225, a network 
supported by COST (European Cooperation in Science and Technology), and funded by 
national project  from Ministerio de Industria TEC2016-77791-C4-2-R. 

References 
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Parkinsonic Dysgraphia Analysis,” in Telecommunications and Signal Processing (TSP), 
2018 40th International Conference on, IEEE, 2018.  
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Simulation of the fuel gas valve fractional-order 
PID controller in closed loop system 

Adam Trojnar 

Lodz University of Technology, Institute of Applied Computer Science,  
Stefanowskiego 18/22, 90-924 Łódź, Poland   

atrojnar@iis.p.lodz.pl 
 

The aim of the article is to present the virtual model of a fuel gas valve with fractional-order 
PID controller (PIλDµ controller) designed to maintain a temperature. Dynamic system 
simulation software is a tool which offers a possibility to improve a PID controller in such 
applications for example in heating systems. Fractional-order calculus extends classical, 
integer-order calculus and gives an opportunity for a precise description of dynamical 
systems. Nowadays there exist several tools for working with fractional-order models1. They 
include CRONE, Ninteger, FOMCON2 Matlab toolboxes. More control parameters in 
comparison with classical PID and a wider spectrum of space values for parameters I and D 
which are in the PIλDµ controller real numbers extend the capability of PID controller. The 
PIλDµ controller constitutes an expansion of classic PID and could be implemented in a 
different area of solutions associated with it e.g. temperature control systems3. The object of a 
regulation is the position of the gas valve needle fixed on an electromagnet core. The 
proposed PIλDµ controller sends a signal to an actuator to minimize error over time by 
adjustment of a control variable such as the position of the needle to a new location, thereby 
regulating chamber temperature. The simulation is further compared with PID controller and 
real device. 

 

Acknowledgement‒This article is based upon work from COST Action CA15225, a network 
supported by COST (European Cooperation in Science and Technology). 
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Techniques for the Cole-Cole Bio-Impedance
Parameters Extraction

Costas Psychalinos†, Ahmed Elwakil‡, and Georgia Tsirimokou†,
† University of Patras, Dept. of Physics, Rio Patras, Greece, {cpsychal;tsirimg}@upatras.gr

‡ University of Sharjah, Dept.of Electrical and Computer Engineering, Sharjah, UAE, elwakil@ieee.org

The measurement of the electrical impedance of biological tissues, also known as bio-impedance,
is used to quantify their passive electrical properties and provide details of the electrochemical
processes in these tissues, which can then be used to monitor their physiological changes. These
impedances can be modeled by using fractional-order elements such as fractional-order capac-
itors which has characteristics between a resistor and capacitor [1, 2].
A simple experimental technique to extract all four parameters of a single dispersion Cole-Cole
impedance model by performing two measurements of the the start-up amplifier gain only at
two different oscillation frequencies, is presented. The accuracy of the method is experimen-
tally assessed in comparison with measurements using a precision impedance analyzer.
An in-direct method, for extracting the four parameters of the single dispersion Cole-Cole
model, is also presented. The main offered advantage is the relaxed unity-gain bandwidth re-
quirement of the employed active element. This is due to the fact that only measurements from
dc to the cutoff frequency of the realized filter function are required. Experimental results using
apples are provided and their comparison with those obtained using a LCR tester confirm the
accuracy of the proposed method [3].
Another method is based on a single time-domain measurement with a fixed frequency. The
Flower Pollination optimization algorithm is applied to extract the unknown model parameters
that best fit the measured voltage response, derived using a triangle-wave current excitation. Ex-
perimental results using apple samples are provided and the extracted parameters are compared
to those found from frequency-domain impedance spectroscopy measurements using a precise
impedance analyzer on the same samples.
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The approximation of fractional-order differentiators and integrators can be performed through
the employment of integer-order multi-feedback structures, where appropriate active elements
are used for implementing the integration and scaled summation operations. A practical prob-
lem that arises in this case is that the spreading (i.e. the ratio of the maximum value to the
minimum value) of time-constants and scaling factors increases as the fractional-order of the
differentiator/integrator and/or the order of the employed approximation increase. This leads to
non-practical values of capacitors and transconductances required for the implementation. Tak-
ing into account that the the small-signal transconductance parameter (gm), is usually controlled
by an appropriate dc bias current, it is obvious that non reasonable values of dc bias currents
may result [1, 2].
To overcome this problem, a novel concept for implementing differentiators and integrators with
reduced spreading in time-constants and scaling factors is presented [3]. The concept is based
on the decomposition of the transfer function into a product, that contains an integer-order part
and a fractional-order part, in such a way that the algebraic sum of the order of the intermediate
stages will be equal to the order of the prototype transfer function. The proposed method is
general in the sense that it is independent of the type of the used approximation and, also, of
the type of the employed active elements. The evaluation of the proposed concept is performed
using post-layout simulations in Cadence using the Design Kit provided by the Austria Mikro
Systeme (AMS) 0.35µm CMOS process.
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Fractional-order differentiators and integrators have been successfully utilized for implementing
emulators of fractional-order capacitors and inductors, in biomedical applications, and in con-
trol applications [1]. They have been initially implemented through the substitution of capaci-
tors in the conventional (i.e. integer-order) differentiator/integrator structures by appropriately
configured RC networks which approximate the behavior of fractional-order capacitors within
a specific range. This solution suffers from the absence of the on-the-fly tuning, in the sense
that the whole RC network must be changed in order to perform emulation of fractional-order
capacitors of different order and/or capacitance value. Another solution was the utilization of
appropriate multi-feedback integer-order structures in order to approximate the transfer func-
tion of the differentiator in a limited frequency range. The employed active elements were
Current Feedback Operational Amplifiers (CFOAs), Operational Transconductance Amplifiers
(OTAs), and Current-Mirrors (CMs) but the increased circuit complexity leads to the demand
for increased power consumption which is a critical point in now days high-performance appli-
cations.
In order to overcome this obstacle, CMOS topologies which perform 2nd- and 5th-order ap-
proximations of fractional-order differentiators/integrators while offering significantly reduced
circuit complexity and electronic tuning capability, are presented [2, 3]. Fractional-order filters
as well as emulators of fractional-order capacitors and inductors are demonstrated as design
examples. The behavior of all the proposed designs is verified in Cadence using the Design Kit
provided by the Austria Mikro Systeme (AMS) 0.35µm CMOS process.

Acknowledgement–This article is based upon work from COST Action CA15225, a network supported
by COST (European Cooperation in Science and Technology).

References

[1] G. Tsirimokou, C. Psychalinos, and A. Elwakil, Design of CMOS Analog Integrated
Fractional-Order Circuits: Applications in Medicine and Biology. Springer International
Publishing, 2017.

[2] P. Bertsias and C. Psychalinos, “Differentiator based fractional-order high-pass filter de-
signs,” in 2018 7th International Conference on Modern Circuits and Systems Technologies
(MOCAST), May 2018, pp. 1–4.

[3] P. Bertsias, L. Safari, S. Minaei, A. Elwakil, and C. Psychalinos, “Fractional-order dif-
ferentiators and integrators with reduced circuit complexity,” in 2018 IEEE International
Symposium on Circuits and Systems (ISCAS), May 2018, pp. 1–4.

14



Approximation of pricing double barrier options
based on Black-Scholes equation with distributed

order in time

Magda Rebelo†, Maria Luı́sa Morgado†

† CMA and Mathematics Department, Universidade NOVA de Lisboa, Portugal, msjr@fct.unl.pt
‡ CEMAT and Mathematics Department, Universidade de Trás-os-Montes e Alto Douro, Portugal, luisam@utad.pt

In this talk we consider the pricing of double barrier options, where the fair price change is
governed by a modified Black-Sholes equation with distributed derivative in time.
Let C(S, t) be the European option fair price at the stock price S and at time t. Following
a generalization of the fractional Black-Scholes equation model introduced in [1] and [2], we
propose the following model to describes the fair price of an option: tDR,φT C(S, t) +

1

2
σ2S2 ∂

2C (S, t)

∂S2
+ (r −D)

∂C (S, t)

∂S
− rC(S, t) = 0, (S, t) ∈ (B`, Bu)× (0, T ),

C(B`, t) = p(t), C(Bu, t) = q(t),
C(S, 0) = g(S),

(1)

where T is the expiry time, r is the risk-free rate, D the yield dividend, σ ≥ 0 is the volatility
of the returns from the stock price S and Bu > B` > 0 are the two barriers.
The operator tDR,φ

T () is the modified Riemann-Liouville derivative with distributed-order de-
fined by

tDR,φ
T (C(S, t)) =

∫ 1

0

φ (α)
∂αC (S, t)

∂tα
dα,

where the fractional derivatives are given by

∂αC (S, t)

∂tα
=

1

Γ(1− α)

d

d t

∫ T

t

C(S, η)− C(S, T )

(η − t)α
dη, 0 < α < 1.

The function φ is a positive function acting as a distribution of the orders of the derivative in the

range [0, 1], satisfying
∫ 1

0

φ(α) dα = C > 0.

The way that the functions p, q and g are defined depends on the cases where C is a call or a
put option.

Using a change of variables we obtain an initial-boundary advection-diffusion problem with dis-
tributed order in time, where the fractional derivatives that defines the derivative with distributed-
order are given in the Caputo sense.

An implicit numerical method is presented and applied to some numerical examples to illus-
trate the accuracy and effectiveness of the proposed method. We also use the model with sev-
eral weight functions, c(α), to price several double European options and compare with the
”classical aproximation”.
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The application of the fractional calculus (FC) is growing fast to identify many complex dy-
namics [1, 2]. The new aspects of the FC have been widely used to describe different biological
systems, which can be helpful to prevent the growth of diseases [3]. The main contribution of
this research is to investigate a new fractional model describing the asymptotic behavior of the
tumor–immune surveillance. We examine this new model by using different fractional oper-
ators. We implement the model by an efficient numerical method and compare its numerical
results with the real data. Comparative results indicate that the new model with the Mittag–
Leffler kernel is better matched with the real data than the other fractional– and integer–order
models. Thus, we provide more precise fractional model by a non–singular operator, which
help us to describe better the hidden aspects of the real–world phenomena.
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