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1 The fractional IBVP and the nature of its solution

IBVP = Initial-Boundary Value Problem

Notation. Throughout these notes, C will denote a generic
constant that depends on the data of the problem but is inde-
pendent of any mesh used to solve the problem numerically.

Let g be defined on a set D ⊂ R. In the rest of this paragraph
we assume that each norm of g is well defined and finite. We
define the L∞ (maximum) and L2 (root-mean-square) norms
of g by

‖g‖L∞ = max
x∈D̄
|g(x)| and ‖g‖L2 =

(∫
Ω

|g(x)|2 dx
)1/2

,

where D̄ denotes the closure of D. For k = 0, 1, 2, . . . define
the Sobolev seminorms and norms

|g|k =

(∫
x∈D
|g(k)(x)|2 dx

)1/2

and ‖g‖k =

∑
0≤j≤k

|g|2j

1/2

.

Thus |g|k is the L2 norm of the kth derivative of g, and in
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particular ‖ · ‖0 ≡ ‖ · ‖L2.

The space Hk(D), for k a positive integer, is the set of func-
tions g defined on D such that ‖g‖k is finite. In particular,

H1(D) =

{
g :

∫
x∈D

(
|g(x)|2 + |g′(x)|2

)
dx

}
<∞.

For an interval [a, b] = D, we define the space H1
0(D) :=

{g ∈ H1(D) : g(a) = g(b) = 0}.
For k a non-negative integer, Ck(D) denotes the space of
functions that are defined on D and whose derivatives up to
order k are continuous on D. We usually write C(D) instead
of C0(D): the space of functions that are continuous on D.
Also, C∞(D) denotes the space of functions all of whose
derivatives are continuous on D.
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We begin by looking briefly at a classical [i.e., non-fractional]
IBVP: the heat equation.

∂w

∂t
− ∂2w

∂x2
= 0

(1.1a)

for (x, t) ∈ Q := (0, l)× (0, T ],

with initial condition w(x, 0) = φ(x) for x ∈ [0, l],
(1.1b)

and boundary conditions w(0, t) = w(l, t) = 0 for t ∈ (0, T ].
(1.1c)

Here for simplicity we consider only one space dimension (i.e.,
0 ≤ x ≤ l) and homogenous (i.e., zero) boundary conditions.

Remark 1.1. One could consider more general problems
such as

wt −∆w = 0
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in more than one space dimension; or

wt − pwxx + b(x)w = f (x, t)

where p is a positive constant and the functions b, f are
continuous on Q̄ := [0, l]× [0, T ].

If the initial data φ satisfies φ ∈ C2[0, l] and 0 = φ(0) =
φ′′(0) = φ(l) = φ′′(l), then the solution of (1.1) satisfies wt ∈
C(Q̄) and wxx ∈ C(Q̄); in fact for any fixed t > 0 one has
wxx(·, t) ∈ C∞[0, l].

Think of this result as saying: for the classical heat equation,
smooth and compatible data implies a smooth solution.

Example 1.1. Suppose that φ(x) = sinx and l = π. Then
it’s easy to check [exercise!] that the solution of (1.1) is

w(x, t) = e−t sinx for (x, t) ∈ [0, π]× [0, T ]. (1.2)

This is a very smooth function; one can differentiate it as
many times as one likes.
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1.1 The time-fractional IBVP

In the fractional analogue of (1.1) that we now begin to study,
the classical derivative ut is replaced in the PDE by a Caputo
fractional derivative Dα

t u of order α ∈ (0, 1). That is,

Dα
t g(x, t) :=

1

Γ(1− α)

∫ t

s=0

(t− s)−α
(
∂g

∂t

)
(x, s) ds. (1.3)

Thus our time-fractional IBVP is

Lu := Dα
t u− p

∂2u

∂x2
+ b(x)u = f (x, t) (1.4a)

for (x, t) ∈ Q := (0, l)× (0, T ],

with u(x, 0) = φ(x) for x ∈ [0, l], (1.4b)

and u(0, t) = u(l, t) = 0 for t ∈ (0, T ], (1.4c)

where Dα
t u is a Caputo fractional derivative

of order α ∈ (0, 1), p is a positive constant, the functions b, f
are continuous on Q̄ with b(x) ≥ 0 for all x, and φ ∈ C[0, l].
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1.2 A simple but revealing example

To get some understanding of the nature of solutions to (1.4),
we consider a particular example of (1.4) whose solution we
are able to compute exactly. This example has properties that
are typical of many problems described by (1.4), so it is worth
spending time to investigate it in detail.

Example 1.2. In (1.4), take p = 1, b = 0, f = 0, φ(x) =
sinx and l = π. That is,

Dα
t v − vxx = 0 for (x, t) ∈ Q := (0, π)× (0, T ],

(1.5a)

with v(x, 0) = sinx for x ∈ [0, π], (1.5b)

and v(0, t) = v(l, t) = 0 for t ∈ (0, T ]. (1.5c)

This is (obviously) a fractional analogue of the heat equa-
tion of Example 1.1.

To obtain the exact solution of Example 1.2, we first develop
some properties of the Mittag-Leffler function (see [6] for
a thorough discussion of this function; alternatively, [5, 11]

9



present its most important properties)

Eβ(z) :=

∞∑
k=0

zk

Γ(kβ + 1)
for β > 0 and z ∈ R.

Here Γ(·) denotes Euler’s Gamma function; it has the prop-
erties that Γ(z) > 0 for z > 0 and Γ(z) → ∞ as z → 0+,
Γ(z)→∞ as z →∞. Furthermore, Γ(m) = (m− 1)! for all
positive integers m. Hence Eβ(0) = 1/Γ(1) = 1, and

E1(z) =

∞∑
k=0

zk

Γ(k + 1)
=

∞∑
k=0

zk

k!
= ez for z ∈ R. (1.6)

Thus Eβ(·) is a generalisation of the standard exponential
function.

The exponential function appears frequently in exact solu-
tions of constant-coefficient differential equations because of
its property that for any constant λ one has

d

dz
eλz = λeλz for z ∈ R. (1.7)
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It turns out (see [5, Theorem 4.3] for the proof, which is a
long calculation using the definitions of Dβ and Eβ) that the
Mittag-Leffler function Eβ has a similar property: for any
constant λ and any constant β > 0, one has

DβEβ(λzβ) = λEβ(λzβ) for z ∈ R, (1.8)

where Dβ is the Caputo derivative. For this reason, Mittag-
Leffler functions appear frequently when solving fractional dif-
ferential equations. Observe that when β = 1, equation (1.8)
becomes equation (1.7) because of (1.6); that is, (1.8) is a
generalisation of (1.7).

We can now find the exact solution v of Example 1.2: analo-
gously to (1.2), one has

v(x, t) = Eα(−tα) sinx for (x, t) ∈ [0, π]× [0, T ]. (1.9)
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Let’s check that this formula does give the solution of Exam-
ple 1.2: by (1.8),

Dα
t [Eα(−tα) sinx] = −Eα(−tα) sinx = [Eα(−tα) sinx]xx ,

so (1.5a) is satisfied;

Eα(0) = 1 from its definition [exercise], so (1.5b) is satisfied;

sin 0 = sin π = 0, so (1.5c) is satisfied.

Figure 1.1 displays this solution v(x, t) = Eα(−tα) sinx for
the value α = 0.27, and Figure 1.2 is a cross-section of this
solution at the midpoint x = π/2 of the interval [0, π].
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Figure 1.1: Graph of solution (1.9) of Example 1.2

Observe how for each x the solution becomes very steep as t
approaches zero. This occurs because

v(x, t) = Eα(−tα) sinx =

( ∞∑
k=0

(−1)ktαk

Γ(kα + 1)

)
sinx

=

(
1− tα

Γ(α + 1)
+

t2α

Γ(2α + 1)
+ . . .

)
sinx
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Figure 1.2: Cross-section of solution (1.9) of Example 1.2 at x = π/2

so

vt(x, t) =

(
− αtα−1

Γ(α + 1)
+

2αt2α−1

Γ(2α + 1)
+ . . .

)
sinx.

Since 0 < α < 1, as t→ 0+ the tα−1 term will dominate and
vt(x, t) blows up like a multiple of tα−1.

One can see similarly that higher-order time derivatives will
also blow up as t → 0+: vtt blows up like tα−2, vttt blows up
like tα−3, etc.
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Note that in this example, the data are well behaved; the bad
behaviour of the solution as t→ 0+ is caused entirely by the
fractional derivative appearing in the PDE.

1.3 Solution of the general time-fractional IBVP

We return now to the general IBVP (1.4). Its solution behaves
very similarly to the solution of Example 1.2 near t = 0.

Definition: A function g(·) lies in Ḣ5[0, l] if g(i) ∈ L2[0, l] for
i = 0, 1, . . . , 5 and g(z) = g′′(z) = g(iv)(z) = 0 for z = 0, l.
See [10] and [16, Chapter 3] for further discussion of spaces of
this type.
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Theorem 1.1. Assume that φ ∈ Ḣ5[0, l] and f (·, t) ∈
Ḣ5[0, l] for each t ∈ (0, T ]. Assume also for each t ∈ (0, T ]
that ft(·, t) and ftt(·, t) are in H1

0 [0, l]. Finally, assume
that

‖f (·, t)‖H5 + ‖ft(·, t)‖H1 + tρ‖ftt(·, t)‖H1 ≤ C1

for all t ∈ (0, T ] and some constant ρ < 1, where C1

is a constant independent of t. Then (1.4) has a unique
solution u that satisfies (1.4a), (1.4b) and (1.4c) pointwise,
and there exists a constant C such that∣∣∣∣∂ku∂xk

(x, t)

∣∣∣∣ ≤ C for k = 0, 1, 2, 3, 4, (1.10a)∣∣∣∣∂`u∂t` (x, t)

∣∣∣∣ ≤ C(1 + tα−`) for ` = 0, 1, 2, (1.10b)

for all (x, t) ∈ [0, l]× (0, T ].

Proof. See [15, Theorem 2.1].
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Theorem 1.1 says that, given sufficient smoothness and com-
patibility of the data, the IBVP (1.4) has a unique solution
u(x, t) that behaves similarly to our Example 1.2: for each
fixed x, near t = 0 the solution u(x, t) behaves like a multiple
of tα. Consequently ut, utt, uttt etc. will blow up as t→ 0+.

This blow-up of all the time derivatives of the solution of the
fractional IBVP (1.4) as t → 0+ is completely different from
the behaviour of the solution of the classical heat equation
given in (1.2). It is an unpleasant phenomenon that any good
numerical method for the solution of the fractional IBVP must
address.
The property that v(x, t) is continuous as t→ 0+ but its time
derivatives blow up is often expressed by saying that v has a
weak singularity at t = 0.
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We close this section by pointing out that the PDE (1.4a) is

sometimes written in an alternative form. Let RLDβ
t g(x, t) be

the Riemann-Liouville time derivative of order β > 0 of any
function g. For 0 < β < 1, one has

RLDβ
t g(x, t) =

∂

∂t

(
1

Γ(1− β)

∫ t

s=0

(t− s)−βg(x, s) ds

)
.

Remark 1.2 (Alternative form of the differential equation).
Apply the RL derivative RLD1−α

t to (1.4a). By [5, Theorem
3.14] one has RLD1−α

t Dα
t u(x, t) = ut(x, t).

1 Hence (1.4a)
becomes ut − p RLD1−α

t uxx + r RLD1−α
t u = RLD1−α

t f =: g,
say. This form of the PDE is used by some authors (e.g.,
[10]).

1The statement of [5, Theorem 3.14] assumes that ut(x, t) lies in C1[0, T ] for each fixed x, which is not true for the solution
of (1.4) since u(x, t) ∼ tα near t = 0. But an inspection of the proof of this result in [5] shows that it remains valid under the
weaker assumption that u(x, ·) is an absolutely continuous function for each fixed x, i.e., that u(x, t)−u(x, 0) =

∫ t
s=0

ut(x, s) ds,
and the solution of (1.4) does have this property.
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2 The L1 scheme

The L1 difference scheme is the most widely-used method for
discretising the Caputo derivative Dα

t when 0 < α < 1.

2.1 Global convergence of the scheme on a graded temporal mesh

We approximate (1.4) by a finite difference scheme on a mesh
that is uniform in space and (possibly) graded in time. Let
M and N be positive integers. Set h = l/M and xm := mh
for m = 0, 1, . . . ,M . Set tn = T (n/N)r for n = 0, 1, . . . , N
where the constant mesh grading r ≥ 1 is chosen by the
user. If r = 1, then the mesh is uniform. Set τn = tn −
tn−1 for n = 1, 2 . . . , N . Then the mesh is {(xm, tn) : m =
0, 1, . . . ,M, n = 0, 1, . . . , N}.
The nodal approximation to the solution u computed at the
mesh point (xm, tn) is denoted by unm.
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Remark 2.1. Weak singularities analogous to (1.10b) ap-
pear in the solutions to weakly singular Volterra integral
equations of the second kind, where it is well known [2,
Chapter 6] that graded meshes with r > 1 yield more ac-
curate numerical solutions than uniform meshes. For this
reason we use a graded mesh to solve (1.4) numerically.
The value of r to choose will be prescribed later by our
theoretical convergence analysis.

The diffusion term in (1.4a) is approximated by a standard
second-order discretisation:

uxx(xm, tn) ≈ δ2
xu

n
m :=

unm+1 − 2unm + unm−1

h2
. (2.1)
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The Caputo fractional derivative Dα
t u can be written as

Dα
t u(xm, tn) =

1

Γ(1− α)

n−1∑
k=0

∫ tk+1

s=tk

(tn − s)−α
∂u(xm, s)

∂s
ds .

This formula is approximated by the classical L1 approxima-
tion

Dα
Nu

n
m :=

1

Γ(1− α)

n−1∑
k=0

uk+1
m − ukm
τk+1

∫ tk+1

s=tk

(tn − s)−α ds

=
1

Γ(2− α)

n−1∑
k=0

uk+1
m − ukm
τk+1

[
(tn − tk)1−α − (tn − tk+1)1−α] .

(2.2)

Thus we approximate (1.4) by the discrete problem

LM,Nu
n
m := Dα

Nu
n
m − p δ2

xu
n
m + b(xm)unm = f (xm, tn)

(2.3a)

for 1 ≤ m ≤M − 1, 1 ≤ n ≤ N ;

un0 = 0, unM = 0 for 0 < n ≤ N, (2.3b)

u0
m = φ(xm) for 0 ≤ m ≤M. (2.3c)
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One can rewrite the discretisation (2.2) of the Caputo deriva-
tive as

Dα
Nu

n
m =

dn,1
Γ(2− α)

unm −
dn,n

Γ(2− α)
u0
m

+
1

Γ(2− α)

n−1∑
k=1

un−km [dn,k+1 − dn,k],

where

dn,k :=
(tn − tn−k)1−α − (tn − tn−k+1)1−α

τn−k+1
.

In particular dn,1 = τ−αn . Using the mean value theorem one
can prove easily that

dn,k+1 ≤ dn,k,

and one also has

(1− α)(tn − tn−k)−α ≤ dn,k ≤ (1− α)(tn − tn−k+1)−α.
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Thus the scheme is[
dn,1

Γ(2− α)
+

2p

h2
+ b(xm)

]
unm −

p

h2
unm+1 −

p

h2
unm−1

= f (xm, tn) +
1

Γ(2− α)

[
dn,nu

0
m +

n−1∑
k=1

(dn,k − dn,k+1)un−km

]
.

(2.4)

for m = 1, 2, . . . ,M − 1 and n = 1, 2 . . . , N . As p > 0
and b ≥ 0, for each n to compute unm(m = 0, 1, . . . ,M)
one must invert a tridiagonal M-matrix, which can be done
quickly and efficiently using the Thomas algorithm (tridiag.m
in MATLAB). But note that finding the computed solution at
time tn (i.e., computation of unm for m = 0, 1, . . . ,M) requires
us to use all previously computed values un−km for 1 ≤ k ≤ n
and 0 ≤ m ≤ M . The storage of these values can be an
issue for problems posed in more than one space dimension.
This storage requirement is to be expected since the Caputo
derivative Dα

t u(x, t) depends on all values of the solution at
earlier points.
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Theorem 2.1. The solution unm of the scheme (2.3) sat-
isfies

max
(xm,tn)∈Q̄

|u(xm, tn)− unm| ≤ C
(
h2 + T αN−min{2−α, rα}

)
(2.5)

for some constant C.

Proof. See [15, Theorem 5.2].

The error bound of Theorem 2.1 is sharp — numerical results
in [15] show that (2.5) is exactly the rate of of convergence
that one observes. Obtaining O(h2) in space is unsurprising
since in this direction the solution is smooth and (2.1) is a
standard second-order approximation. The interesting part
of the error bound is the expression N−min{2−α, rα}. It says
that on a uniform temporal mesh (that is, r = 1) one will
obtain only O(N−α), which is less than first-order accurate.
To obtain the best possible order of convergence O(N−(2−α))
one must choose r ≥ (2− α)/α.
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In fact, the optimal choice is r = (2− α)/α; for larger r, the
increased grading moves mesh points closer to t = 0, so the
largest mesh interval [tN−1, tN ] = [tN−1, T ] will increase in
width and this increases the value of C in (2.5) as C depends
on the diameter of the mesh.

Remark 2.2. If α is close to zero, then the optimal choice
r = (2 − α)/α will be very large, which implies that the
mesh intervals close to t = 0 are extremely small, and this
can cause rounding error difficulties when implementing
the method.

Note that the rate O(N−(2−α)) is best possible for the L1
scheme: even in the easiest special case where the solution u
has no weak singularity at t = 0, numerical examples demon-
strate that the L1 scheme achieves O(N−(2−α)) convergence
on any graded mesh.

Exercise 2.1. Choose some fixed values for T and N ,
then plot mesh points for different values of r to see how
increasing r clusters the mesh points more strongly near
t = 0 and increases the length of the largest mesh interval.
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Remark 2.3 (A warning against the research literature).
Some published papers say that the L1 scheme is O(τ 2−α)
accurate on a uniform temporal mesh of diameter τ . This
statement is NOT TRUE unless one assumes that the
solution of the IBVP is smooth as t → 0+ — which we
know is usually false because of Example 1.2. See [15,
Section 3.1] for further discussion of this issue.

2.2 Improved convergence away from t = 0

The bound (2.5) of Theorem 2.1 is a global convergence re-
sult; that is, it describes the maximum error observed when
one considers all the mesh points. But for the classical heat
equation, it is well known (see for example [16, Theorem 3.2])
that numerical methods can deliver a higher order of conver-
gence if instead of measuring the error for 0 ≤ t ≤ T , one
measures the error for κ ≤ t ≤ T where κ is any fixed posi-
tive constant. Will we observe some similar behaviour in the
accuracy of the L1 solution of (1.4)?
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The answer is yes. Under the same hypotheses as Theo-
rem 2.1, it is shown in [7, Theorem 4] that one has the follow-
ing result.

Theorem 2.2. Assume that the temporal mesh is uniform
(i.e., r = 1). Then for n = 1, 2, 3, . . . , N , the solution unm
of the scheme (2.3) satisfies

max
0≤m≤M

|u(xm, tn)− unm| ≤ C
(
T αh2 + TN−1tα−1

n

)
(2.6)

for some constant C.

This result implies that if we measure the error for κ ≤ t ≤ T
where κ is some fixed positive constant, then we have tn ≥
κ > 0, so (2.6) becomes

|u(xm, tn)− unm| ≤ C
(
T αh2 + TN−1

)
,

which is first-order O(N−1) in time, instead of the O(N−α)
that is obtained when one measures the maximum error at all
mesh points.

27



Remark 2.4. In the recent paper [8], problems like (1.4)
are considered in two and three space dimensions, with
the L1 scheme for the temporal discretisation, while both
finite differences and finite elements are discussed when
discretising the spatial derivatives. Results similar to The-
orems 2.1 and 2.2 are proved. These ideas are developed
further in the preprint [9], where a generalisation of The-
orem 2.2 [9, Theorem 3.1] implies that for r > 2 − α,
one obtains the optimal O

(
N−(2−α)

)
convergence rate for

tn ≥ κ > 0 where κ is any fixed constant. Thus the L1
scheme delivers its optimal accuracy “away from t = 0”
without having to take r = (2 − α)/α with a consequent
risk of rounding errors (recall Remark 2.2).

Furthermore, the analysis in [9] permits more general
meshes than the graded mesh that we have used — but
any “good” mesh for solving (1.4) will resemble our graded
mesh near t = 0.
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3 Alikhanov’s L2-1σ scheme

The result of Theorem 2.1 shows that on a suitably graded
mesh one will obtain O

(
N−(2−α)

)
convergence in time, and

numerical experiments demonstrate that this is the best pos-
sible accuracy attainable by the L1 scheme. But if α is close
to 1 — which can happen in practice — then O

(
N−(2−α)

)
is close to first-order convergence, which is not completely
satisfactory. In the present section we shall discuss a more
complicated discretisation of Dα

t that attains a higher order
of convergence on a suitably graded mesh.

Recall that the main step in the construction of the L1 scheme
is the approximation
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Dα
t u(xm, tn) =

1

Γ(1− α)

n−1∑
k=0

∫ tk+1

s=tk

(tn − s)−α
∂u(xm, s)

∂s
ds

≈ 1

Γ(1− α)

n−1∑
k=0

uk+1
m − ukm
τk+1

∫ tk+1

s=tk

(tn − s)−α ds.

This approximation is equivalent to replacing u(xm, ·)
by a piecewise linear interpolant uI(xm, ·) in time (viz.,
uI(xm, tk) = u(xm, tk) for each k and uI(xm, s) is linear on
each interval tk ≤ s ≤ tk+1), then evaluating the Caputo
derivative Dα

t u
I(xm, tn) exactly.

To improve the accuracy of this scheme, we shall (essentially)
replace the piecewise linear interpolant of u by a piecewise
quadratic interpolant of u. There is an immediate compli-
cation: a piecewise linear interpolant needs only two points
to determine it on each mesh interval, whereas a piecewise
quadratic interpolant needs three points. One can think of
various ways to define a piecewise quadratic interpolant of u;
we shall follow the elegant approach of [1].

30



Suppose that we have already computed an approximation of
Dα
t u(x, ·) at t0(= 0), t1, . . . , tk and we now want to compute

an approximation at tk+1. The basic idea is to use a quadratic
interpolant through u(x, t0), u(x, t1) and u(x, t2) to approxi-
mate u(x, ·) on the interval [t0, t1]; then use a quadratic inter-
polant through u(x, t1), u(x, t2) and u(x, t3) to approximate
u(x, ·) on the interval [t1, t2]; etc. But how do we approximate
u(x, ·) on the final interval [tk, tk+1]? We can’t use a quadratic
interpolant through u(x, tk), u(x, tk+1) and u(x, tk+2) because
both u(x, tk+1) and u(x, tk+2) are unknown. (It’s o.k. to use
u(x, tk+1) as the PDE will give us an equation from which
we can compute u(x, tk+1) — like computing un from (2.4)
— but to introduce an additional second unknown u(x, tk+2)
will mean that we have one equation for two unknowns, which
is useless.)

Alikhanov [1] deals neatly with this problem by using piece-
wise linear interpolation of u on the final interval [tk, tk+1];
although this yields only a first-order approximation of ut at
most points in this interval, it is a second-order approxima-
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tion at a particular superconvergence point in (tk, tk+1) that
he is able to compute exactly.

Set σ = 1− α/2 and tk+σ = tk + στk+1, so tk+σ ∈ (tk, tk+1).
Given a function v(t), approximate Dα

t v(t) at t = tk+σ in the
following way:

Dα
t v(tk+σ) =

1

Γ(1− α)

∫ tk+σ

0

(tk+σ − η)−αv′(η) dη

=
1

Γ(1− α)

k∑
s=1

∫ ts

ts−1

(tk+σ − η)−αv′(η) dη

+
1

Γ(1− α)

∫ tk+σ

tk

(tk+σ − η)−αv′(η) dη

≈ 1

Γ(1− α)

k∑
s=1

∫ ts

ts−1

(tk+σ − η)−α(I2,sv(η))′ dη

+
1

Γ(1− α)

∫ tk+σ

tk

(tk+σ − η)−α
v(tk+1)− v(tk)

τk+1
dη

:= δαtk+σ
v,
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where the quadratic polynomial I2,sv(η) interpolates to v(η)
at the points ts−1, ts and ts+1.

3.1 An initial-value problem

Before applying Alikhanov’s scheme (which he calls the L2-1σ
scheme) to our IBVP (1.4), we first consider the fractional-
derivative IVP (initial-value problem)

Dα
t w(t) = g(t) for t ∈ (0, T ], w(0) = w0, (3.1)

and its Alikhanov finite difference discretization

δαtk+σ
W = g(tk+σ) for k = 0, . . . ,M − 1, W 0 = w0,

(3.2)

on our graded temporal mesh. If the right-hand side g of (3.1)
lies in C3[0, T ], then the solution w lies in C[0, T ]∩C3(0, T ]
with |w(l)(t)| ≤ C(1+tα−l) for l = 0, 1, 2, 3 for t ∈ (0, T ]; this
follows from the explicit representation w(t) = w0 + Jαg(t)
for all t, where Jα is the Riemann-Liouville integral operator.
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Theorem 3.1. Assume that w ∈ C[0, T ] ∩ C3(0, T ] with
|w(l)(t)| ≤ C(1 + tα−l) for l = 0, 1, 2, 3 and t ∈ (0, T ]. Then
there exists a constant C such that

|w(tk+1)−W k+1| ≤ CM−min{rα,3−α} for k = 0, . . . ,M−1.

Proof. See [3, Theorem 1].

If one applied the L1 scheme to the IVP (3.1), one would
obtain, similarly to Theorem 2.1, only |w(tk+1) −W k+1| ≤
CM−min{rα,2−α}. Alikhanov’s scheme gives us the higher or-
der of convergence 3−α (better than second order!) provided
that we choose the mesh grading r ≥ (3−α)/α. Analogously
to the L1 scheme, the optimal choice is r = (3 − α)/α and
one can expect to have rounding-error issues if α is close to
zero.

3.2 The time-fractional IBVP

We now apply a finite difference method to solve the IBVP
(1.4). We shall discretise Dα

t and f like (3.2), but we have
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a difficulty in discretising puxx and bu since (unlike f ) we
do not know the exact values of uxx and u at the time tk+σ.
To deal with this difficulty, we use the linear interpolation
approximations

u(xm, tk+σ) ≈ σuk+1
m + (1− σ)ukm

and

uxx(xm, tk+σ) ≈ σuxx(xm, tk+1) + (1− σ)uxx(xm, tk)

≈ σδ2
xu

k+1
m + (1− σ)δ2

xu
k
m,

where δ2
x was defined in (2.1). Then our discretisation of the

PDE (1.4a) is

δαtk+σ
um − p

[
σδ2

xu
k+1
m + (1− σ)δ2

xu
k
m

]
+ b(xm)

[
σuk+1

m + (1− σ)ukm
]

= f (xm, tk+σ)

for each m and k.

Like the L1 scheme, to compute the solution at each time level
we have to invert a tridiagonal M-matrix.
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Let v = (v0, v1, . . . , vM) be a function defined on the spatial
mesh, i.e., vi = v(xi) for each i. Define the discrete L2[0, l]
norm ‖ · ‖ on each such mesh function v by

‖v(·)‖ =
(∑M

m=0 |vm|2
)1/2

.

Theorem 3.2. Assume the bounds of Theorem 1.1 on the
true solution, with (1.10b) valid for ` = 0, 1, 2, 3. Then
there exists a constant C such that

max
1≤k≤N

‖u(·, tk)− uk(·)‖ ≤ C
(
h2 + N−min{rα,2}

)
.

Proof. This follows by modifying the proof of [3, Theorem
3].

Numerical experiments [3] show that Theorem 3.2 is sharp. It
says that at each time level tk, the discrete L2[0, l] norm of the
error (i.e., the mean-square error in space) in the computed
solution is at most C

(
h2 + N−min{rα,2}). Thus by choosing

r ≥ 2/α we can get second-order accuracy in time. This is
better than the O(N−(2−α)) temporal error of the L1 scheme,
but it is less than the O(N−(3−α)) that was attained by the
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same method applied to the IVP in Theorem 3.1 when r ≥
(3−α)/α. The reduction from O(N−(3−α)) to O(N−2) occurs
because of our use of linear interpolation (which is at best
second-order accurate) to in discretise puxx and bu.

A more complicated discretisation of puxx and bu (using piece-
wise quadratic interpolation instead of piecewise linear inter-
polation) that regains the O(N−(3−α)) order of convergence
in numerical experiments is described in [4], but so far there
is no theoretical proof of this order of convergence.

Finally, we note that in [3] the IVP and IBVP are solved on
more general temporal meshes that include mesh grading near
t = 0, and a spectral method is used for the spatial discreti-
sation of the IBVP on a two-dimensional square domain; we
do not give the details here.
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4 Attempts to avoid the initial singularity

These notes have not presented the details of the numerical
analysis needed to prove results like Theorems 2.1 and 3.2. In
this analysis there are two main difficulties (compared with the
well-known analyses of classical parabolic problems in sources
such as [16]):

(i) the nonlocal nature of the Caputo derivative (i.e., the fact
that Dα

t u(x, t) depends on u(x, s) for all s ∈ [0, t]);

(ii) the presence of the weak singularity at t = 0 in the un-
known solution u.

Some authors have tried to avoid difficulty (ii) by introducing
various devices, and the purpose of the present section is to
warn against such approaches by pointing out a subtle yet
serious flaw that they contain. 2

2There are many published papers of this type. I shall not give an exact reference to any of them because they are of minor
interest.
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4.1 Assuming excessive smoothness in the unknown solution

The simplest way of avoiding any discussion of difficulty (ii)
above is to pretend that it does not exist. Thus many papers
assume (explicitly or implicitly) that the solution u of (1.4)
satisfies u(x, ·) ∈ C1[0, T ] for each x.

This smoothness assumption in any paper implies that Ex-
ample 1.2 is excluded from the class of solutions studied in
that paper. That seems strange; but there is a much more
alarming consequence of the assumption that we now discuss.
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Lemma 4.1. Assume that the solution u of (1.4) satisfies
u(x, ·) ∈ C1[0, T ] for each x. Then for each x one has

lim
t→0+

Dα
t u(x, t) = 0.

Proof. Fix x ∈ (0, l). The assumption that u(x, ·) ∈ C1[0, T ]
implies that |∂u(x, ·)/∂t| ≤ C1 for some constant C1. For
any t ∈ (0, T ],

|Dα
t u(x, t)| =

∣∣∣∣ 1

Γ(1− α)

∫ t

s=0

(t− s)−α
(
∂u

∂t

)
(x, s) ds

∣∣∣∣
≤ 1

Γ(1− α)

∫ t

s=0

(t− s)−αC1 ds

=
C1t

1−α

(1− α)Γ(1− α)
.

Since 0 < α < 1, it follows that Dα
t u(x, t) → 0 as t →

0+.

This lemma has the following consequence.
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Corollary 4.1. Assume that the solution u of (1.4) sat-
isfies u(x, ·) ∈ C1[0, T ] for each x. Then the initial
value φ(x) of u must satisfy the equation −pφ′′ + bφ =
f (·, 0) on (0, l) and is determined uniquely by f (x, 0), φ(0)
and φ(l).

Proof. Fix x ∈ (0, l). Consider the limit of the PDE (1.4a)
as t → 0+. Using Lemma 4.1 we get −pφ′′(x) + b(x)φ(x) =
f (x, 0). This is true for each x ∈ Ω, so −pφ′′(x)+b(x)φ(x) =
f (x, 0) for all x ∈ (0, l).

The initial condition (1.4b) specifies φ(0) and φ(l). By a sim-
ple and well-known maximum principle argument (see, e.g.,
[12]) using b ≥ 0, the ODE −pφ′′(x) + b(x)φ(x) = f (x, 0)
for all x ∈ (0, l) and the boundary conditions φ(0) and φ(l)
determine φ uniquely.

In fact one needs φ(0) = φ(l) = 0 to ensure that the initial
data and boundary conditions (1.4c) are compatible at the
corners (0, 0) and (l, 0) of the space-time domain Q. Thus
Corollary 4.1 says essentially that if u(x, ·) ∈ C1[0, T ] for
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each x, then the initial data φ is determined uniquely by
the right-hand side f of (1.4). To say this another way: for
any given f , there is only one possible choice of φ such that
u(x, ·) ∈ C1[0, T ] for each x.

It is clearly unnatural that the initial condition should be
determined uniquely by the right-hand side of the PDE.
This conclusion was forced by the assumption that u(x, ·) ∈
C1[0, T ] for each x. We conclude that this assumption is un-
reasonable.

In the easy-to-read paper [13] this topic is discussed more
fully. In particular, it is shown there that if one replaces the
weak singularity property |ut(x, t)| ≤ C(1 + tα−1) of (1.10b)
by the less demanding property |ut(x, t)| ≤ C(1 + tβ−1) for
any constant β > α, then Corollary 4.1 is still true.
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4.2 Removing the singularity from the Caputo integrand

The integrand in the definition (1.3) of the Caputo derivative
contains the factor (t− s)−α, which blows up at the endpoint
s = t of the integral. This singularity is the cause of the weak
singularity at t = 0 in typical solutions of (1.4). Consequently
various authors have modified the definition (1.3) by replac-
ing (t−s)−α by some continuous approximation that does not
blow up, in order to obtain a differential equation whose solu-
tions do not have a weak singularity at t = 0. These modified
derivatives have various names (Caputo-Fabrizio, Atangana-
Baleanu, etc.).

Unfortunately, replacing the factor (t− s)−α by a continuous
function leads to precisely the same anomaly as in Section 4.1:
the initial condition is determined uniquely by the right-hand
side of the PDE.

This result in proved in [14], using the same arguments as in
Section 4.1.
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